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Abstract 

In this paper, it is shown that the covariant representation (CR) trans¬ 
forming the Dirac field under de Sitter isometries is equivalent to a di¬ 
rect sum of two unitary irreducible representations (UIRs) of the Sp{2, 2) 
group transforming alike the particle and antiparticle field operators in 
momentum representation. Their basis generators and Casimir operators 
are written down for the first time finding that these representations are 
equivalent to a UIR from the principal series whose canonical labels are 
determined by the fermion mass and spin. The properties of the conserved 
observables (i. e. one-particle operators) associated to the de Sitter isome¬ 
tries via Noether theorem and of the corresponding Pauli-Lubanski type 
operator are also pointed out. 
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1 Introduction 

In general relativity there are covariant quantum fields defined on a curved man¬ 
ifold M which transform under isometries according to CRs induced by finite 
representations of the universal covering group G of the gauge one, G mm- 
In the case of four-dimensional local-Minkowskian manifolds under considera¬ 
tion here, these groups are G = SO{l,3) and respectively G = SL{2,C)- For 
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this reason, the spin terms of the operators generating CRs are given by the 
linear representations of the sl{2, C) algebra instead of the s{M) algebra of the 
universal covering group S{M) of the isometry one, I{M). 

On the other hand, the group S{M) has UIRs that may be related to the 
CRs. In special relativity, the CRs are equivalent to orthogonal sums of Wigner’s 
UIRs that govern the transformation rules under isometries of the particle and 
antiparticle operators in momentum representation [3]. This result seems to be 
related to the special structure of the Poincare isometry group, G'(S)T(4) such 
that it cannot be generalized to other manifolds, not even in the case of the de 
Sitter spacetime which still allows a momentum representation. 

The de Sitter manifold, denoted from now by M, is local-Minkowskian and 
has the isometry group I{M) = S'0(l,4) which is the gauge group of the 
Minkowskian five-dimensional manifold embedding M. The UIRs of the 
corresponding group S{M) = Spin(I,4) = Sp{2,2) are well-studied [HIS] and 
used in various applications. Many authors exploited this high symmetry for 
building quantum theories, either by constructing symmetric two-point func¬ 
tions, avoiding thus the canonical quantization El 13, or by using directly these 
UIRs for finding field equations without considering CRs O m [To]. Another 
approach which applies the canonical quantization to the covariant fields trans¬ 
forming according to induced CRs was initiated by Nachtmann m many years 
ago and continued in few of our papers [umiiiiiiiiin]. 

Here we adopt this last framework for investigating the relation among the 
CRs and UIRs of the Dirac theory in momentum representation on the de Sitter 
background. As mentioned, these CRs are induced by the linear representations 
of the group G without to meet explicitly the linear representations of the 
group S{M). Nevertheless, by studying the generators of the CRs and the 
corresponding Casimir operators we found indirectly that these CRs may be 
equivalent to orthogonal sums of UIRs of the group S{M), but without writing 
down the generators of the UIRs in momentum representation |15j . Now we 
would like to continue this study showing that the CRs-UIRs equivalence can 
be demonstrated at least in the case of the free Dirac field on M for which 
we succeed to construct the UIRs in momentum representation deriving their 
basis generators. With their help we obtain the conserved one-particle operators 
associated to the de Sitter isometries that are the principal observables of the 
quantum field theory (QFT). 

We specify that the generators of the scalar UIR in this representation were 
deduced by Nachtmann m- Therefore, what is new here are the spin terms 
of the generators of spinor UIRs and the Casimir operators that can be calcu¬ 
lated resorting to suitable algebraic codes on computer. In this manner we find 
that the Dirac particle and antiparticle operators in momentum representation 
transform according to the same UIR that can be one of the equivalent UIRs 
(s, q), from the principal series [HIS], labeled by the spin s = ^ and q = ^±i^ 
where m is the fermion mass and uj is the Hubble constant of M in our notation. 

This result is new and similar to that of special relativity where the par¬ 
ticle and antiparticle operators in momentum representation of any covariant 
quantum field with unique spin, s, transform alike under Poincare isometries. 


2 


according to the same Wigner UIR induced by the 2s + 1-dimensional UIR of the 
group SU{2) [17]. Obviously, this happens only if we respect the spin-statistic 
connection, assuming that the Dirac particle and antiparticle operators satisfy 
canonical anti-commutation rules. 

On the other hand, the concrete forms of the generators derived here for the 
first time allow us to expand in momentum representation the conserved one- 
particle operators corresponding to the de Sitter isometries via Noether theorem. 
We show that for all these operators (energy, momentum, angular momentum, 
etc.) the contributions of the particles and antiparticles are additive in contrast 
with the conserved charge where these have opposite signs. Thus we hope 
that the new results presented here should complete our theory of the quantum 
Dirac field on M [T3| [T4| [15] , giving all the technical details needed in various 
applications in QFT. 

Note that the fundamental spinors we use here correspond to a fixed vacuum 
of the Bounch-Davies type [IH] as in our de Sitter QED m- They are defined 
up to some arbitrary phase factors which could induce supplemental terms in 
generator’s expressions. 

This paper is organized as follows. After a short presentation, in the next 
section, of the fundamental solutions of the free Dirac equation on M, in the 
third one we derive the generators of the UlRs in momentum representation 
and the components of the Pauli-Lubanski operator which helps us to obtain 
the Casimir operators. Moreover, we give the general form of the momentum 
expansions of the principal conserved observables of QFT discussing briefly their 
properties. Finally, we present our conclusions. 


2 Dirac field on the de Sitter spacetime 


In what follows we focus on the Dirac field on the expanding portion of M 
where we consider the frames {t,x;e} formed by the conformal Euclidean chart 
{t,x}, with the conformal flat line element [18], {dt^ — in 

the domain t e (—oo, 0) and x € D = and the local frames defined by 
the diagonal gauge, eg = —ojt, e® = —d® ujt and eg = e® = —d® 

{i,j, ... = 1, 2, 3). In this frame, the free Dirac equation [13], 


{Ed - m)'4){x) = 


-iujt {j^dt + fdi) + 




-7 — m 


V'(x)=0, (1) 


depends on the point-independent Dirac matrices 7^ that satisfy {7“, 7^} = 
2rj°‘P giving rise to the basis-generators S°‘^ = 7 [ 7 “, 7 ^] of the spinor represen¬ 
tation (5,0) (g) ( 0 , i) of the group G = SL{2,C) that induces the spinor CR 


[DIIIITI]. 

Eq. ([ 1 ]) can be analytically solved either in momentum or energy bases with 
correct orthonormalization and completeness properties [Hill] with respect to 
the relativistic scalar product 





{-ujt) ^^lj{t,x)'f°tp'{t,x). 


( 2 ) 
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The mode expansion in the spin-momentum representation m, 




[Uj;^aix)a{p, a) + Vp^a{x)b'^{p,a)] 


( 3 ) 


is written in terms of the field operators, a and b (satisfying canonical anti¬ 
commutation rules), and the particle and antiparticle fundamental spinors of 
momentum p (with p = \p\) and polarization cr = ±i. 


^P,<7 X') 


(27r)2 


1 

(27r)i 


^p^cr 


{t)e 


ip-x 


whose time-dependent terms have the form min] 


(^) 

^P,{7 (0 



{-pt) ^ Pa 
Pa¬ 


id) 


(5) 

( 6 ) 


in the standard representation of the Dirac matrices (with diagonal 7 °) and 
a fixed vacuum of the Bounch-Davies type [TB]. Obviously, the notation Ui 
stands for the Pauli matrices while the point-independent Pauli spinors ^a and 
Pa = *<72 (^cr)* are normalized as = VaVo-' = daa' [II]- The terms giving 

the time modulation depend on the Hankel functions ' of indices 


1 m 
v± = -±ip, p = — ■ 

2 (jj 

Based on their properties (presented in the Appendix A) we deduce 

obtaining the ortonormalization relations m 

{Up,aAp',a') = {Vp,aAp',a’) = 5aa'5\p-p') , 

{^p,f7: d^p'^a') (b)j',(T5 bJp! a*) 0 5 


(7) 

( 8 ) 

(9) 

( 10 ) 


that yield the useful inversion formulas, a{p,a) = (Up^aA) and b(p,a) = 
{tp^VpA- Moreover, it is not hard to verify that these spinors are charge- 
conjugated to each other. 


, 2„,0 


Vp,a = {Up,a)" = ciUpA', c = iAl 


( 11 ) 


and represent a complete system of solutions in the sense that |13j 



[t/jj,^(t,f)C7t^(t,x') -f Vpait,x)VYitA') 


= e-^^*6^{x-x'). (12) 
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The Dirac field transforms under isometries x ^ x' = 4 >q{x) (with g G I{M)) 
according to the CR Tg : "ip^x) {Tgil;){x') = Ag{x)ip{x) where Ag{x) G 
SL{2,C) is defined as in Ref. [T]. The above inversion formulas allow us to 
write the transformation rules in momentum representation as 

{T^a){p,a) = {Up,a,{Asij)o(j)-^) , {Tgb){p,a) = ((AgV') o , (13) 

but, unfortunately, these scalar product are complicated integrals that cannot 
be solved. Therefore, we must restrict ourselves to study the corresponding Lie 
algebras focusing on the basis generators of these representations. 


3 Isometry generators in momentum represen¬ 
tation 


In the covariant parametrization of the sp{2, 2) algebra the generators X(^ab) 
corresponding to the Killing vectors kt^AB) {A, B, ... = 0,1, 2, 3,4) can be calcu¬ 
lated as in Refs. min]. These operators are the energy (or Hamiltonian) H, 
total angular momentum J, generators of the Lorentz boosts iL, and Runge- 
Lenz type vector i?, whose components read m, 

H = wX(o4) = -iuj{tdt + x^di ), 

2 T Si , Si — ~^^ijkSjk , 

Ki = X(Qi)=ix'-H +-^[l + uj‘^{x^-t^)\di-ujtSoi+ujSijx\ 

ZCiJ 

Ri — X^i^\ — Xi idi . 

' ' OJ 

The momentum operator, P, and its dual, Q, having the components 

+ K^) =-id^, Qi=u:{Ri-Ki), (18) 

form two Abelian subalgebras of the sp{2,2) algebra. 

Any self-adjoint generator X of the spinor representation of the group S{M) 
gives rise to a conserved one-particle operator of the QFT, 


(14) 

(15) 

(16) 
(17) 


X =: {il},Xil)) ■= X(+) -I-X(-) 


dh 


{p)X^^''a{p) + 15^ {p)X^ '^P{p) 


(19) 


calculated respecting the normal ordering of the operator products [TH]. The 
operators are the generators of CRs in momentum representation acting 

on the operator valued Pauli spinors. 



As observed in Ref. [n], the straightforward method for finding the structure 
of these operators is to evaluate the entire expression (IT^ by using the form ([3]) 
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where the field operators a and b satisfy the canonical antcommutation rules 

[ni[i3]- 

For this purpose we consider several identities written with the notation 


X Up iQp^Up fjit^ x^ ^ 

^ ^P,cr (t; x') ^p,<7 (t, x') , 


HUp^a{t,x) = -iuj (^p'^dpi + 0 Uf^„{t,x), 

^ ^P^CT (p ^p^ 2 / X'} ; 


that help us to eliminate some multiplicative operators and the time derivative 
when we inverse the Fourier transform. Furthermore, by applying the Green 
theorem and calculating on computer terms of the form n't^{t)F{t,pi)uf^^a{t), 
vt^{t)F{t,Pi)vp^^{t),..., etc., we find two identical representations whose basis 
generators read, = Pi = Pi and 


#(±) 


= ioj ( p^dp, + 


— iSijkPjdp^. + 


^(M) = + -piAp-pf- 


I "I 


V 


2lop^ 


+ ieyfc [iujdp^ 




( 21 ) 

( 22 ) 

(23) 

(24) 


where Ap = dp^dp^. These basis generators satisfy the specific sp(2,2) commu¬ 
tation rules: 


■f(±) J{±) 

Ji , Jj 

— i^ijkJ^ ^ ) 

Ji , rtj 

— ^^ijkP}^ ; 

(25) 

rj(±) ^(±)' 
a, , 

= i^ijkk\. ^ , 

■r(±) r(±)' 

iij , rCj 

= ieijkjl- ^ 5 

(26) 


= —iSijkJ^ ^ , 


= - , 

UJ 

(27) 




= 0 , 


h(±),^(±) 


= iujR, 


(±) 




= iu:k\^K (28) 


Moreover, it is not difficult to verify that these are Hermitian operators with 
respect to the scalar products of the momentum representation 


{a,a) = j d^pa\p}a{]P), {P, P') = J d^pP'’{p)P{]R . (29) 


Therefore, we can conclude that these operators generate a pair of unitary rep¬ 
resentations of the group S{M). 
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Since all the UIRs of the group S{M) are classified [3], we can study the 
equivalence and reducibility of these representations simply by calculating the 
Casimir operators. The first Casimir operator is quadratic, 

Ci = -^X^ab)X^^^\ (30) 

while the second one, 

C2 = -v\bW^W^, = (31) 


is written in terms of the Pauli-Lubanski operator of components by using 
the total anti-symmetric tensor with £^1234 _ metric tensor rj^ = 

diag(l, —1, —1, —1, —1) of M^. After performing the calculation on computer 
we hnd 


Wr 


(±) 




-{a-p)Ap + —a-dp + —{a-p)p-dp 


m? — + 2iujm . 


4p^uj 


-cr ‘P, 




(32) 

(33) 

(34) 


With these preparation we obtain the Casimir operators (1501) and (1311) as 


c[ ^ — —s(s + l) — (q + l){q — 2) — p^ + — , (35) 

= -s(s-b !)(?((?-1) = s(s-b 1):/+:/-= ^ -b , (36) 


which show that the above identical spinor representations are UIRs of the prin¬ 
cipal series corresponding to the canonical labels (s, q) with s = 1 and q = v±. 
This suggests that the UIRs (s, z^±) of the group S{M) = Sp{2, 2) can be seen as 
being analogous to the Wigner ones (s, ±m) of the Dirac theory in Minkowski 
spacetime. Note that a similar result was obtained in Ref. m indirectly stat¬ 
ing with the generators dH-dlll) and exploiting the relation among the Casimir 
operators and the Dirac one in the configuration space. 

In general, the above spinor representations may not coincide since the ex¬ 
pressions of their basis generators are strongly dependent on the arbitrary phase 
factors of the fundamental spinors whether these depend on p. Thus if we change 


U, 


P,(T 


p«X 




p,cr •) 




p,<7 


:,-*X 




p,a 5 


(37) 


with x^il^ G performing simultaneously the associated transformations. 


aip) ^ e-^^^^^aip), /3(:^ ^ ®/3(:^, (38) 


7 





that preserves the form of '0, we find that the operators Pi keep their forms while 
the other generators are changing, e. g. the Hamiltonian operators transform 
as i/(±) ^ ij(±) 

+ Obviously, these transformations are nothing 

other than unitary transformations among equivalent UIRs. Note that thanks 
to this mechanism one can fix suitable phases for determining desired forms of 
the basis generators keeping thus under control the flat and rest limits of these 
operators in the Dirac [14] or scalar [111120] field theory on M. 

At the level of QFT, the operators given by Eq. (ITOl) where we 

introduce the differential operators (1^ - (IMl) . generate a reducible operator val¬ 
ued CR which can be decomposed as the orthogonal sum of CRs - generated by 
and - that are equivalent between themselves and equivalent 

to the UIRs of the sp(2,2) algebra. These one-particle operators are 

the principal conserved quantities of the Dirac theory corresponding to the de 
Sitter isometries via Noether theorem. It is remarkable that in our formalism we 
have which means that the particle and antiparticle sectors bring 

similar contributions such that we can say that these quantities are additive, e. 
g., the energy of a many particle system is the sum of the individual energies of 
particles and antiparticles. 

Other important conserved one-particle operators are the components of the 
Pauli -Lubanski operator. 


Wa = = 


d^p 




(39) 


as given by Eqs. (I32l) - (l34]) . The Casimir operators of QFT have to be calcu¬ 
lated according to Eqs. dsg) and (1^ but by using the one-particle operators 
X(^B) and instead of X(^ab) and Wa- We obtain the following one-particle 
contributions 

Cl = 2) ^ -’ ^ 4 4) ^ -’ 

where N = N^+^-l-N^") is the usual operator of the total number of particles and 
antiparticles. Thus the additivity holds for the entire theory of the spacetime 
symmetries in contrast with the conserved charges of the internal symmetries 
that take different values for particles and antiparticles as, for example, the 
charge operator corresponding to the t/(l)em gauge symmetry [TB] that reads 
Q = g(N(+) 


4 Concluding remarks 

The first conclusion is that on the de Sitter background the spinor CR induced by 
the linear representation (i, 0) C) (0, i) of the group G = SL{2, C) is equivalent 
to the orthogonal sum of two equivalent UIRs of the group S{M) = Sp{2,2) 
labelled by (^, ). Thus at least in the case of the Dirac field we recover a 
similar conjuncture as in the Wigner theory of the induced representations of 
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the Poincare group in special relativity. However, the principal difference is that 
the transformations of the Wigner UIRs can be written in closed forms while in 
our case this cannot be done because of the technical difficulties in solving the 
integrals m- For this reason we were forced to restrict ourselves to study only 
the representations of the corresponding algebras. 

This is not an impediment since physically speaking we are interested to 
know the properties of the basis generators (in configurations or momentum 
representation) since these give rise to the conserved observables (i. e. the 
one-particle operators) of QFT, associated to the de Sitter isometries. It is 
remarkable that the particle and antiparticle sectors of these operators bring 
additive contributions since the particle and antiparticle operators transform 
alike under isometries just as in special relativity. Notice that this result was 
obtained by Nachtmann m for the scalar UIRs but this is less relevant as 
long as the generators of the scalar representation depend only on m^. Now 
we see that the generators of the spinor representation which have spin terms 
depending on m preserve this property such that we can conclude that all the 
one-particle operators corresponding to the de Sitter isometries are additive, 
regardless the spin. 

In other respects, we observe that the fermion mass is defined by the Dirac 
equation such that we can express all our invariants in terms of spin and mass 
in a similar manner as in special relativity. The challenge which remains is to 
generalize the above results to CRs of any spin but without using field equations 
as in Ref [15] or their solutions as in the present paper. This presumes to look 
for a general definition of mass or even of a mass operator on M related to 
the Casimir operators of the UIRs of the S{M) group. We note that despite 
of the well-known classical results mm and some new interesting progresses 
|22] there remains a discrepancy between the manners in which the masses of 
bosons and fermions depend on the de Sitter invariants m- We hope that the 
results presented here will offer one new tools in solving this delicate problem. 

A Some properties of Hankel functions 

According to the general properties of the Hankel functions [23], we deduce 
that those used here, with v± = and z £ R, are related among 

themselves through ’{z)]* = ’{z) and satisfy the identities 

W {z)Hi^J (z) + W (z)i? (z) = — . (41) 
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